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I. INTRODUCTION
Classical turbulent flows are characterized by the chaotic motion of both the velocity and pressure fields. This motion can be thought of as an amalgamation of swirling eddies quantified via the fluid vorticity field (curl of the velocity). These eddies populate a hierarchy of scales, dictating an energy distribution across scales, and can give rise to spatial organization of the flow through the appearance of coherent structures. For classical flows, described by the Navier-Stokes equations, these coherent structures appear as vortex worms -allantoid-shaped regions of intense vorticity. Understanding how these coherent structures and the corresponding energy density distribution appear and evolve, particularly in the limit of increasing Reynolds number Re, is of paramount importance to fluid dynamicists.
Increased interest in superfluid turbulence of helium-4 has arisen due to the recent development of large-scale experimental setups that permit the study of superfluid turbulence of helium-4 at low temperatures leading to extreme Reynolds numbers, far beyond the capabilities of classical fluid experiments. However, in superfluid flows, quantum mechanics constrains the vorticity field, with vortices appearing as atomically thin and identical topological line defects in the fluid density field. Moreover, the circulation around such vortices is quantized in units of Planck's constant over the mass of the helium-4 atom h/m. A tangle of quantized vortices generate a complex, irrotational, velocity field with a singular vorticity field along the centerline of the vortices.
Due to the quantization of vorticity, an individual vortex line cannot be stretched; its length can change but the circulation is fixed. This is in contrast to classical vortices, indeed the stretch of classical vortices in turbulent flows is believed to be an important mechanism for energy transfer in classical turbulence [2] . However despite the absence of vortex stretching in superfluid turbulence, it has been shown to share many of the statistical properties of its classical cousin [3] . It is commonly hypothesized that on a coarse-grain level, localized bundles of quantized vortex filaments lead to a generation of a macroscopic fluid flow around the whole bundle, similar to fluid flow observed in classical turbulence, with a circulation equal to the sum of individual circulations. The formation of bundles of quantized vortices allows for the direct transfer of energy through scales, as the relative motion of vortices within a bundle can mimic the stretching of a classical vortex tube. It is also expected to have a decisive impact on the the dissipation of the turbulent kinetic energy. In the absence of structure, i.e. a random tangle of vortices, vortex reconnections are believed to play the dominant role in dissipating energy at small scales. On the other hand, if the turbulence is polarized, due to the formation of bundles, then vortex reconnections may be suppressed as the vortices within each bundle are close to parallel. In such systems, Kelvin waves, generated by either reconnections or the motion of eddies at the inter-vortex scale, are believed to be the dominant dissipation mechanism [4] , which has the potential to introduce a bottleneck in the energy spectrum [5] .
Unfortunately, superfluid turbulence experiments of helium-4, are performed in cryostats at temperatures below 2K which significantly hampers the ability to visualize or indeed measure important statistics of the flow. Hot wire probes are problematic as they cause a local heating of the superfluid leading to artificial superflow and/or transformation of the superfluid back into a normal fluid. The most common measurement technique is to measure pressure fluctuations and to then infer the dynamics of the velocity field [3, [6] [7] [8] . Inspired by the group of Roche [1] who recently studied the statistics of pressure fluctuations as a route for detection of coherent structures, we perform a series of numerical simulations of superfluid turbulence in the zero-temperature limit to investigate the dynamics and statistics of coarsegrained fields and examine the relationship between the pressure and velocity in a variety of superfluid turbulent regimes. This is crucial, as while significant advances in the visualization of quantum turbulence have been made in the last decade [9, 10] , we are yet to have a direct visualization of coherent structures in quantum turbulence. Our numerical results provide strong support to the implied observation of Rusaouen et al. [1] .
We begin by overviewing two main types of finite-temperature superfluid models -the HBVK equations and the vortex filament method, and outline the mathematical relationship between the velocity and pressure. Then, we examine how numerical coarse-graining of the superfluid velocity field can affect numerical data statistics and draw direction relation to experimental probe sizes. From this, we explore the velocity-pressure relationship in a static superfluid tangle with classical turbulence statistics before moving on to study the pressure-velocity evolution dynamics across three categories of turbulent tangles: (i) ultra-quantum with no structure, (ii) an imposed Taylor-Green tangle, and finally (iii) a decaying quasi-classical tangle.
II. SUPERFLUID TURBULENCE MODELS
Finite-temperature superfluids can be phenomenologically described by the two-fluid model [11] [12] [13] , which consists of an inherent mixture of an inviscid superfluid and a classical viscous normal fluid. Each fluid is associated with separate velocity and density fields, denoted v n and ρ n for the normal fluid and v s and ρ s for the superfluid respectively, with total fluid density ρ = ρ n + ρ s whose ratio is strongly temperature dependent, with ρ n /ρ s → 0 in the zero-temperature limit. The HVBK equations [14, 15] gives a two-fluid description with the normal fluid modelled by the Navier-Stokes equations coupled via a mutual friction term F to the coarse-grained inviscid superfluid component v s modelled by the Euler equation
Here, P the pressure, and µ is the dynamic viscosity of the normal fluid component. The mutual friction term F provides coupling between the normal and superfluid components and acts principally at the regions of high superfluid vorticity. The exact expression for F in the HBVK equations can be found in [16] , here it is sufficient to comment that an approximate mutual friction [16] can be defined by
where |ω s | introduces the notion of a course grained superfluid vorticity. By taking the divergence of the HVBK equations, and assuming incompressibility of the fluid flow, one can relate the pressure P to the vorticity through a Poisson equation involving the spin tensors W i and the strain tensors E i for the superfluid i = s and normal components i = n respectively
In the low temperature limit, the Laplacian of the pressure is dominated by the superfluid quantities:
Eq.
(3) indicates that at high vorticity regions where W s is large, such as those inside coherent vortex bundles, the pressure field, P will become strongly negative as can be determined if one inverts the Laplacian operator. This hints at the strong connection between pressure and vorticity that can be used in determining the structure of the vorticity field in experimental situations. An alternative model the superfluid velocity v s can be determined by the dynamics of one-dimensional vortex filaments through the vortex filament model [17, 18] which is then coupled to the Navier-Stokes equations (1a) for the normal fluid component through a redefined mutual friction term. The superfluid velocity field v s in the vortex filament model is determined by integrating the Biot-Savart law over the vortex filament tangle. The advantage of this method is that it permits a description of the superfluid velocity at scales far below the inter-vortex spacing (unlike the HBVK equations) leading to an non-coarse-grained superfluid velocity field. The vortex filament model replaces Eq. (1b) with an evolution equation for the vortex filaments
where s(ξ, t) is the position of the one-dimensional space curves representing quantized vortex filaments. α and α ′ are the non-dimensional temperature dependent friction coefficients (for the explicit mutual friction term), s ′ = ds/dξ is the unit tangent vector at the point s, ξ is arc length, and v n is the normal fluid velocity at the point s. 
where Γ = 9.97 × 10 −4 cm 2 /s (in 4 He) and the line integral extends over the entire vortex configuration L. The external superfluid flow v ext s is an externally imposed irrotational flow arising through either an excitation mechanism of the superfluid component or through the conservation of total mass of helium-4 in the presence of a mean normal fluid flow.
III. SETUP
In this article, we perform numerical simulations using the vortex filament method to study the pressure field dynamics in the zero-temperature limit, where the turbulence is solely governed by the superfluid flow with the normal fluid component absent. We use the model of (4) with no external or normal fluid flow v ext = v n = 0, but include a small mutual friction component (α = 0.01 and α ′ = 0.0) that models a superfluid flow at very low but, non-vanishing temperatures of less than T 0.1K that corresponds essentially to a pure superfluid. This is done to ensure that we reduce the effects of artificial numerical dissipation of our numerical scheme.
Our calculations are performed in a periodic cube of size D = 0.1 cm. The numerical technique to which vortex lines are discretized into a number of points s j for j = 1, · · · N held at a minimum separation ∆ξ/2, compute the time evolution, de-singularize the Biot-Savart integrals, evaluate v s , and algorithmically perform vortex reconnections when vortex lines come sufficiently close to each other, are described in detail in previous papers [20, 21] . The Biot-Savart integral is computed using the a tree-algorithm approximation [20] with opening angle set to θ = 0.2. We take ∆ξ = 2.5 × 10 −3 cm and a time step of 5 × 10 −5 s.
IV. A VORTEX BUNDLE
To study the effect of coarse-graining, we examine first the simple case of a vertically orientated vortex bundle inside a periodic domain. We preformed our analysis across a fixed sized bundle of radius 0.2D = 0.02 cm consisting of several randomly placed vortex filaments numbering N = 8, 16, 32, 64. The distribution of filaments inside the bundle is Gaussian. Fig. 1 displays the vortex bundle consisting of N = 32 vortex filaments. The image on the left highlights the vorticity magnitude iso-surface after our coarse-graining procedure. The image on the right include a negative pressure iso-surface of the coarse-grained field. Observe that the vortex bundle is encapsulated by the iso-surfaces indicating that the coarse-graining procedure is working. Our coarse-graining procedure is as follows: By application of the vortex filament model (4), we generate the superfluid velocity field v s on a uniform three-dimensional spatial mesh which we then coarse-grain by applying a Gaussian low-pass filterF (k), defined bŷ
to the Fourier amplitudes of the superfluid velocity field. The parameter k f = 2π/l f represents the Fourier harmonic of the spatial filtering scale l f of the filter. One can imagine that this filtering process represents the spatial resolution of an experimental probe limited to scales ≫ l f . Due to the irrotational nature of the flow, the superfluid vorticity field of the unfiltered velocity field is singular, hence this filtering process also acts as a natural regularization of the numerical data arising from the vortex filament model. We compute the coarse-grained pressure field using Eq. (3) with the filtered velocity field, with a negative pressure iso-surface for the N = 32 vortex bundle shown in Fig. 1 (right) . For Fig. 1 , we have chosen the filtering scale l f to correspond to twice the mean inter-vortex spacing ℓ = (V /L) 1/2 (where specifically for the bundle we have taken V to be the bundle volume, and not the volume of the periodic box V = D 3 ). For the N = 32 bundle, ℓ = 6.267 × 10 −3 cm. Justification for setting l f = 2ℓ is shown later in this article, but relating the filter scale with the inter-vortex spacing scale is a natural choice as it will smooth the flow across neighbouring vortices leading to a well-defined coarse-grained flow fields compatible with the HVBK equations. This is highlighted by the iso-surfaces of Fig. 1 . In Fig. 2 (left) we plot the cross-sectional profile of the coarse-grained pressure field through the center of the vortex bundle for N = 8, 16, 32, 64. We observe a natural decrease in the peak negative pressure as the number of bundles increases. Fig. 2 (right) demonstrates that the peak negative pressure grows as ∼ N 2 in a fixed-sized bundle. The origin of this scaling can be determined by considering that naïvely the coarse-grained superfluid velocity field generated by a bundle of N vertical vortex filaments can be approximated by, in cylindrical coordinates,
Direct substitution into Eq. (1b) with F = 0 and assuming stationary flow, one can solve for the pressure P giving
suggesting the scaling 
V. STATIC SUPERFLUID TANGLES
The purpose of the single bundles was to verify the coarse-graining numerical procedure and to understand how pressure changes with the density of vortex filaments. We proceed to examine a more complex vortex configurations -that of a static superfluid tangles. We will consider two types of tangles, (i) consisting of randomly positioned and orientated vortex rings mimicking a random or ultra-quantum tangle, and (ii) a quasi-classical (K41) tangle generated by running the vortex filament model coupled to a static normal fluid turbulent velocity field produced by the 3D Navier-Stokes equations with a non-zero mutual friction coupling, see [22] for further details. As shown in Ref. [23] , evolving the superfluid velocity field while keeping the normal fluid component static results in vorticity locking, with quantized vortex filaments forming parallel to regions of high normal fluid vorticity leading to the superfluid velocity field mimicking that of the normal fluid vorticity. This produces a quasi-classical Kolmogorov spectrum in the superfluid velocity field and clear and coherent vortex bundles as can be observed in Fig. 3 . The vortex tangle is coloured by the local polarization highlighting regions of localized bundles that mimic the coherent vortex worms of classical turbulence. The vortex line density of the tangle in Fig. 3 is approximately L ≈ 2 × 10 4 cm −2 . We probe the velocity and pressure fields of the static tangles using our coarse-grained procedure. We will justify our use of the filtering scale being twice the inter-vortex spacing l f = 2ℓ. In Fig. 4 we plot kernel density estimates of the PDFs of the the standardized vorticity magnitude ω/a vort (where |ω| = ω) and standardized pressure P/σ press (the mean of the pressure is zero by periodicity of the domain). Parameter a vort arises by assuming that for a threedimensional random field with Gaussian statistics, the vorticity magnitude will have a Maxwell distribution with parameter a.
For truly random fields the pressure field will become Gaussian
where σ is the standard deviation. the standardized vorticity magnitude, we observe some clear indications of intermittency when l f = ℓ which is subsequently removed for larger coarse-graining. The vortex filament model generate singular vorticity distributions due to the one-dimensional approximation for quantum vortex lines, meaning that high vorticity values can appear in spatial mesh points are located near vortex filaments. However, sufficient coarse-graining will circumvent this issue, and clearly shows when l f > ℓ. This also makes sense to have a coarse-graining scale slightly larger than the average distance between two vortex filaments in order to capture some large-scale effects. Otherwise, as expected, we see almost Gaussian statistics for the coarse-grained random tangle with some slight deviations in the tails. For the quasi-classical tangle on the other hand shows strong signs of intermittency for all coarse-graining scales. There are clear heavy tails for high vorticity levels and a significant bump at large negative pressures. This is to be expected due to the presence of coherent structures and the correlation between vorticity and pressure. The authors of Ref. [1] conjectured that coherent vortex bundles arise as extreme negative pressure fluctuations exceeding −3σ press . In Fig. 4 corresponds to the pressure of strong intermittent tails. What is most interesting in that when the coarse-graining scale reaches increases we begin to reduce the intermittent effects and move towards a pure Maxwellian and Gaussian signal. This is because the coarse-graining scale is reaching the length scale associated to the largest vortex bundle size. For the random tangle, there is no bundle size other than ℓ, so the PDFs reduce quickly, while for the quasi-classical tangle, Fig. 3 indicates that the typical vortex bundle size approximately ∼ 6ℓ or larger. This is an important observation when analyzing experimental data, and suggests that the data presented in Ref. [1] indicates that the embedded coherent structures in the flow are larger than the probe scale. If we chose the filtering scale to be significantly larger than the average bundle size, then all coherence of the flow would be removed due to averaging. Therefore, to be consistent, we select the coarse-graining scale to be that of twice the mean inter-vortex spacing l f = 2ℓ.
To highlight that this scale is useful, Fig. 5 displays iso-surfaces of coarse-grained vorticity magnitude and negative pressure fields of the quasi-Kolmogorov tangle. Intense coarse-grained vorticity regions correspond to regions of strong locally polarized vortex bundles (see Fig. 3 ) which are then in turn strongly correlated to regions of negative pressure Fig. 5 (right) . To further examine the relationship between the vorticity and pressure, numerical simulations allow for simultaneous measurements of the dynamic fields across the whole domain. In Fig. 6 we present a scatter-plot of the standardized vorticity magnitude versus the standardized pressure of the quasi-classical tangle. A clear trend between regions of strong absolute vorticity and extreme negative pressure is visible. The most extreme of which are located in regions of P/σ press −3 and ω/a vort 3.5. 
VI. DECAYING TURBULENCE
We move to investigate the temporal dynamics of three different structures of superfluid turbulence tangles, namely (i) the random ultra-quantum tangle with no structure, (ii) an imposed Taylor-Green tangle, and finally (iii) the quasi-classical tangle. Each simulation is performed in the zero temperature limit with α = 0.01 and α ′ = 0 which corresponds to a temperature T 0.1 K and is used solely to prevent the effects of numerical dissipation.
We utilize the random and quasi-classical tangles from before as initial conditions. For the Taylor-Green simulation, we follow [25, 26] taking an initial condition that consists of a series of vortex filaments that follows the classical Taylor-Green velocity field. This produces a predominately large scale flow of the order of the box size. Each initial condition has approximately the same vortex line density, with total vortex line length of L ≈ 2 × 10 4 cm, in order to ensure a fair comparison. We evolve all three tangles to ensure that a fully developed turbulence state is created and any artificial structures imposed from generating the initial conditions are absent. The main image of Fig. 7 show the decay of the vortex line density L verses time for all three tangles, with the inset showing the evolution of the corresponding mean inter-vortex spacing ℓ. The initial increase of the vortex line density in the quasi-classical tangle is a well-known phenomenon and is associated to the initial generation of Kelvin-waves as the tangle initially relaxes. In order to perform a fair cross-comparison we examine the three tangles at the point in which each of their vortex line densities reach L = 1 × 10 4 cm. Table I displays the main statistics of the three tangles at this exact moment. The snapshots of the three tangles are presented in Fig. 8 with the vortex filaments coloured according to the local polarization. The colour range is normalized to the maximum polarization across the three tangle which occurs in the quasi-classical tangle (far right). Observe in the quasi-classical tangle how the presence of coherence structures have somewhat reduced compared to those observed in the initial condition of Fig. 3 , although coherent vortex bundles are still observed. There is some observed weak polarization in both the ultra-quantum and Taylor-Green tangles. The former having the weakest as expected. Figure 9 shows three scatter plots of the standardized coarse-grained vorticity magnitude versus standardized pressure. We observe, in all three instances, clear trends of large negative pressure regions are associated with large absolute vorticity that ends approximately when the negative pressure reaches −3σ press . Observe that the negative pressure extremes are more pronounced in the tangles with more coherent structures, i.e. quasi-classical and Taylor-Green. It is interesting to note that there is little variation across the three tangle structures, although the random tangle produces quite significant high pressure regions. (Bear in mind that we are displaying standardized quantities in Fig. 9 , and that the normalization variables a vort and σ press are clearly larger for the quasi-classical and Taylor-Green tangles.) In attempt to try and distinguish the types of tangles with the standardized flow statistics, we compute the the PDFs of the vorticity magnitude, pressure and velocity magnitude. A key observation in Fig. 10 is that the PDFs show very little intermittency which is probably a consequence of the lack of strong coherent structures in the physical tangles observed in Fig. 8 . With that being said, we observe some slight enhancement of negative pressure in the quasi-classical tangle, while there is a significant deviation from Gaussian for positive pressure in the Random tangle. To understand this particular feature of the Random tangle we refer the reader back to the approximate form of the mutual friction F, Eq. (2), which implies a faster decay of the flow in regions of strong vorticity. Hence, the appearance of high positive pressure in the Random tangle is associated to the faster decay of strong vorticity regions, preferentially removing regions of low pressure. This leads to a skew of the pressure field towards positive regions during its decay. This is confirmed in Fig. 11 where we measure the standardized pressure PDF of the random tangle throughout the decay and see the manifestation of this effect in a growing 'bump' of high pressure. (Note that during the decay, the PDFs are continuously rescaled, and the high pressure is not appearing but simply not dissipating as fast as the low pressure regions.) It seems of interest that whilst the original motivation for monitoring the pressure in superfluid turbulence was to find a signal of the quasi-classical regime through the detection of coherent structures, it can also be of use in determining the structure of the ultra-quantum regime.
For the structured tangles, we observe during the decay we observe a relaxation towards Gaussian statistics (not shown). This does not contradict the picture of dissipation acting primarily in regions of strong vorticity and the overall effect of increasing the skewness of the pressure statistics, as from the initial conditions we observe strong intermittency in the form of heavy PDF tails in negative pressure regions and high vorticity magnitude due to the presence of large scale coherent structures of polarized vorticity leading to a negative skew of the pressure PDF at initial time.
VII. CONCLUSIONS
In this work we have investigated coherent vorticity structures in superfluid turbulence, connecting the dynamics of individual quantized vortices to the macroscopic HVBK equations. In line with the conclusions of Rusaouen et al. [1] , we show that strong pressure drops in superfluid turbulence can be directly associated with coherent bundles of macroscopic vorticity, which have long been discussed as crucial for the observed quasi-classical behaviour of quantum turbulence in many experimental and numerical studies. Indeed across a series of numerical simulations we demonstrate strong correlation between pressure and vorticity, with intermittent vortex bundles perturbing the underlying Maxwellian (vorticity) and Gaussian (pressure) distributions. In addition we have shown a new high pressure bump emerging in decaying simulations of a purely random ultra-quantum tangle, which is associated to the faster decay of high vorticity regions in the turbulence and could be used in future experimental studies of this
